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EECS 16B Designing Information Systems and Devices II UC Berkeley Fall 2023
Final
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|Exam Location: In Person |

PRINT your student ID:

PRINT AND SIGN your name: ,

(last) (first) (sign)
PRINT your discussion sections and (u)GSIs (the ones you attend):

Row Number: Seat Number:

Name and SID of the person to your left:

Name and SID of the person to your right:

Name and SID of the person in front of you:

Name and SID of the person behind you:

1. Honor Code (0 pts.)
Please copy the following statement in the space provided below and sign your name.

As a member of the UC Berkeley community, I act with honesty, integrity, and respect for others. I will follow
the rules and do this exam on my own.

Note that if you do not copy the honor code and sign your name, you will get a 0 on the exam.

Solution: Any attempt to copy the honor code and sign should get full points.

2. (EXAM EXTRA CREDIT) What is your favorite topic of the course? (2 pts.)

Solution: Any answer is sufficient.

Do not turn this page until the proctor tells you to do so.

You can work on the above problems before time starts.
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3. Diode System ID (10 pts.)

Note: This problem does not require the use of your knowledge of circuits or diodes. The problem
is about system ID.

Suppose that we want to characterize a diode D; with parasitic resistance R;, represented by the

following model:

The current through the diode (forward-biased) is modeled as
YD
Ip = Ipe VT (1)
where Vp is the voltage across the diode (as shown in the diagram), Iy is a parameter associated with
the diode, and V7 is the thermal voltage, a temperature dependent variable.

With some analysis, the system equation can be simplified to:

Vp—IpRp

Ip=lpe " )

To collect data, we will vary the temperature to vary Vr and measure the current Ip through the diode.

(a) (2 pts.) Use the provided system equation to show that

IDRp — VT 11’1(10) = VB — VT ll’l(ID) (3)
is a valid equation to represent the system. (HINT: Use the logarithm identity In(%) = In(a) —
In(b).)

Solution:
Vg—IpRp

ID = Ioe VT (4)

I
Vr ln(ID> = Vg — IpR, )

0
VT ll’l(ID) — VT 11’1(1()) = VB - IDR}J (6)
IpRp = VrIn(lp) = Vg — VrIn(Ip) @)

(b) (4 pts.) Suppose we use Vg = vpV and collect the following data points:
e For Vr =ovnV, Ip = iDlA.

e For Vi =uppV, Ip = iDzA.
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e For Vp = UT3V, Ip = iD3A.
In(Ip)
RP

Find the matrix D and vector s to set up a least-squares problem Dy ~ § where j =

Solution: Each data point can be used with the provided system equation from the first part to
create a system of linear equations with the unknowns being In(Ip) and R, (remember that the
problem provides that Vg = vpV):

e —ourIn(ly) +ip1Ry = vp — vr1 In(ipy)

e —opIn(ly) +iprRy = v — vr2 In(ipy)

* —oup3In(ly) +ip3Ry = vp — vr3In(ip3)

The matrix form of this system is:

—0T1 l:Dl In(lo) Up — UT1 ln(l:Dl)
—or2 ip2 R, = |vp — 012 ln(l.DZ) 8)
—ur3 ip3 vp — o3 In(ip3)
—or1 ip1 vp — vr1In(ip1)
Thus, for the least-squares problem, D = | —vr, ipy| and§ = |vp — vy In(ipy)
—0r3 ip3 vp — vr3In(ip3)

(c) (4 pts.) Explain how you would use the least-squares system from the previous part to find
model parameters Iy and R,. You do not need to use actual values for this part; you explanation
can just use D and § as known variables to show what calculations you would do to find Iy and
Rp'

Solution: We would first find the optimal parameter 7 with the least squares formula:

p=(D'D)"'D'z )

The elements of jj represent optimal values for In(Iy) and Ry so we set the elements of p equal to
those parameters for our model:

Pos = In(Ip) — Ip = e/ (10)
p2=R, = R, =p, (11)

Thus, we have found parameter values for Iy and R;, from the least-squares system.
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4. Feedback Control of an Aircraft (8 pts.)
Let the current state of an aircraft be described by its height above ground, vertical speed, and pitch
(in order). Let the inputs to the system be the aircraft’s engine thrust and the angle of the elevators
(which control pitch). Moreover, assume that the aircraft’s instruments are perfect so that there is no
noise. The system is, in reality, quite complex, so you approximate it by linearization such that, the
state system looks like:
X[i + 1] = AX[i] + Biili]

where A € R3*3, B € R3*2, and

hli]
il = |sli]| € R®
pli]
ili] = ”1“q € R?
upi]

To simplify the system further, you run Schur Decomposition on A to upper-triangularize it. This

results in the system below:

0.8 5 2 00
Fi+1=]0 —05+j —01 |X[i]+ |1 0]l
0 0 —05—j 0 1

where i = [Rli] i ﬁ[i]]T

(a) (2 pts.) Is the original system BIBO stable? Why or why not?

Solution: The original system is unstable. Since Schur Decomposition is a similar transform, the
eigenvalues of A are on the diagonal of A. The two complex eigenvalues have norm greater than

one which means that the system is unstable as this is a discrete-time system.

(b) (6 pts.) Now, we want to apply closed-loop feedback to the system such that:
§[i+1] = 5[i] and p[i + 1] = p[i]

Using these equations, apply a closed loop feedback and solve for the coefficients f;, f>, and

f3in
i
0 0 f3

Solution:

= (A + BF)X[i]
0.8 5 2
=10 —05+j+fi —01+f |ZXi
0 0 —05—j+f3
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0 0 0 0 O
—_— 0 fi faf _
BF=11 0 0 0 f =10 fi f2
0 1 ’ 00 f

Then, the characteristic polynomial of A + BF is
p(A) = (08 =A)(—0.5+j+ f1 —A)(=05—j+ fz3 —A)

Solving for the roots, we get: A1 = 0.8, A\, = —0.5+j+ f1,and A3 = —0.5 — j + f3. Since we want
the state parameters to have constant values, we should set Ay, A3 = 1. Therefore, f{ = 1.5 —j
and f3 = 1.5 + j. Finally, we want to zero out the p[i] term in s[i + 1] so f, = 0.1.

(c) (4 pts.) (EXAM EXTRA CREDIT) For this part, in addition to the closed-loop feedback from the
previous part, we also add the open loop input vector

Fopli] = [Ml,OL [i]] c R
us oL 1]

Regardless of your answers for the previous part, suppose that you found, f1 = —j, fo = 1.1, f3 =
j- Is the system with closed-loop feedback and open loop input controllable? Why or why not?
(HINT: First calculate Acy B and B. Do you need to calculate A%, B as well?)

Solution: By adding the open loop control, the system becomes:

X[i + 1] = AZ[i] + Biili]

Then, the system is controllable because

G = |4,

T
hS
(@)
=
T
T

1.5 56 5 2 00
=1025 -1 -05 1 10
0 025 0 —-05 0 1
is full rank, using f1 = —j, f» = 1.1, f3 = j to calculate Ac;. In terms of the hint, it was sufficient
to calculate Ac;B and B because these four column vectors already form a basis for R3 which
implies that our controllability matrix is full rank.
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5. Designing a Controllable Aircraft (8 pts.)

Continuing from the previous problem, we have a similar setup where an aircraft’s state can be de-
scribed by its vertical speed and pitch only. Therefore, the new system will look like this:

_ [ﬂl ﬂ21 [5[1’]
az ag| |pli]

You are working with aeronautical engineers to come up with a design for an aircraft that can always

s[i +1]
pli+1]

recover from a stall.

(a) (3 pts.) Suppose that these are the designed system parameters.
|47 [z] N 1 u[i]
-2 3| |pli 2

Solution: The system is controllable because

Is the system controllable?

Cy = [AE E]
[18 1
-5 ]

(b) (3 pts.) Based on your answer for the previous part, is it possible for the aircraft to recover from

is full rank.

a stall (ie. an underisable state)? Why or why not? Note: Recovering means that the aircraft
leaves an undesirable state and gets steered to (or eventually reaches) a desirable state.

Solution: Yes. Since the system that describes the aircraft’s state is controllable, the system can
reach any final state from any initial state. Therefore, if we started from a state that is a stall,
which is an undesirable state, the aircraft will be able to recover from the stall by reaching a

desirable state.

(c) (2 pts.) Regardless of the previous parts, you found that the system was actually not controllable.

The engineers re-design the parts and you find the following system parameters.

101 s o] ..
|5 Gl <

Given an initial state where the aircraft has stalled (an undesirable state), does there exist a

sequence of inputs that can recover the aircraft? Why or why not? Note: Recall that recovering
means that the aircraft leaves an undesirable state and gets steered to (or eventually reaches) a
desirable state.

Solution: This system is in CCF form which means that the system is controllable. Moreover,
controllability implies reachability since the column space of A is all of R?. Therefore, there
does exist a sequence of inputs that can recover the aircraft. It is also correct to calculate the
controllability matrix and showing that it is full rank.
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6. SVD (30 pts.)

Consider the following matrix A =

32 2
3 2] . In this problem, we will be finding the SVD of the

matrix A.
(a) (4 pts.) First, find the eigenvalues and eigenvectors of AAT,
Solution: Multiplying, we find that

AAT =

17 8
8 17] (12)

1 1
From inspection, we can then determine that Ay = 25, 7 = L] ,A» =9,and 77 = [ 1]

(b) (2 pts.) Now, what are the singular values 07 and 0, as well as the corresponding columns i
and i/, of U (note: 04 >= 0») in the SVD of A?

Solution: Using our answer to the previous question, the singular values of A are simply 07 =

VA =b5and op = VA, = 3.

1 1
Similarly, the corresponding columns iy and ii; of U are i} = \? and il, = \/51
V2 V2

(c) (4 pts.) Using your answer to the previous question, find 7; and 7, the first two columns of V
in SVD. Show all your work.

(HINT: If we know that VI = S71UT A, how can we write this matrix expression for the compact SVD
in terms of the individual vectors T} (and thus solving for 7;)?)

Solution: To solve for 7;, we can rearrange the equation in the hint to as follows:

= 1.
o = o PA (13)
T 1
V2
~ = o T _(1ama\ _f1fL 1]3 2 2 _ |2
Therfore, we find that 7; = (7] ) ((71”1 A) = (5 {ﬁ ﬁ} [2 s o =15
0
T 1
3v2
o (T (1t (1] _17(3 2 2 _ |
=@ = () = (35 ;3 3) - |
3v2
1
V2
(d) (5 pts.) Regardless of your answer to the previous question, suppose 7; = \% and ¥, =
0
[ 1
3v2
—31% . Find 73 using Gram-Schmidt basis extension with the standard basis vector ¢; =
4
N
1
0|. Show all your work.
0
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Solution: In order to extend ¥; and @, using basis extension, we need to append the stan-
dard basis vectors. Thus, we are performing Gram-Schmidt on the following set of vectors:
1 1
N 3\? 1 0| |oO
1 _ 1
\/i 7 3 \/E 7 0 7 1 7 0
0 4

WG 0 0 1
1
Since 77 and v, are already orthonormal, we start with ¢, and |0 .
0
1 = . 1 L
| 3v2 3v2 vz V2
z=lol [t oo |=55| ||kl oo |55 (1)
5 3v2 3V2 /2 N
0 4 _4_ 0 0
- 32 32
B
9
= |- (15)
_2
L 9
2
. 3
Normalizing, we find that 73 = \2“ = |-3
’ 1
3

1
(e) (6 pts.) Regardless of your answers to all previous parts, suppose 07 = 4, 0o = 2, if; = lO] ,

oo
27 1

2
3
, U3 = —% , and 7] and @, are defined as in part (d). Using these definitions, write
_1

out the SVD of A numerically in compact form.

Solution: The full SVD is given by:

=l il s

The compact SVD is thus given by:
S 32
4

A_FOH4ﬂ
0 1|0 2
3v2

(f) (3 pts.) In the next several parts, consider the compact SVD of the same wide A matrix symbolli-
cally (i.e. A = U,XV,T). Suppose you are told to solve the problem AX = b. If b € Col(A), are
there zero, one, or many solutions for ¥? Explain your answer briefly in one to two sentences
referring to the Col(A) and the Null(A).

Solution: If b € Col(A), there are infinitely many solutions for ¥. This is because A, being a wide

I
[68] —_
SHN
N

WIN

(16)

o Shsl-
w
&=

W= WIN

1 T
3.2
! 17)

o Shal

matrix, has a nontrivial null space (Null(A)) due to more columns than rows. Any solution X
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can be modified by adding a vector from Null(A) (i.e., Xy + 7, where #i € Null(A)) to get another

solution.

(g) (3 pts.) Symbollically, solve for ¥ using the SVD of A. Your answer should only contain the
terms U;, X, and/or V; and any necessary transposes or inverses. In one sentence or less, what
is special about this solution to the equation?

Solution:
=ve ulp (18)

This is the minimum norm solution out of all of the possible solutions for ¥. An alternative
answer is that this is the psuedo-inverse and it returns a unique solution for ¥ regardless of the
characteristics of A.

Note: ¥ = V;xiul bisan equivalent answer.

(h) (3 pts.) Simplify the quantity AAT A as much as possible using the compact SVD of A (A" is
the psuedo-inverse of A). Your final answer should only be in terms of A. Show your work.
Solution: Using the compact SVD of A, where A = UrZrVrT, and the inverse of ¥, denoted as
¥ !, we can expand AAT A as follows:

AATA = Uz VI vz tuhu v (19)
= U (Vv ! un) s v! (20)
= Uz Iz s v (21)
=uzvy (22)
—A (23)

Here, we use the facts that VrTVr = I and UrT U, = I (since U; and V; are orthogonal matrices),
and that %, %! = I. Thus, AAT A simplifies to A.
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7. PCA and LS Prediction (12 pts.)

In this problem, you will be helping to analyze some clinical data for patients using PCA and least
squares. Suppose the following is a data matrix consisting of scaled zero-mean patient data. The
patients (i.e. data points) are the columns, while the rows from top to bottom represent scores for the
height, weight, and blood pressure of the 4 patients.

-3 0
A=|-1 -2 0 3 (24)
-1 -1 1 1

Using this information, we would like to predict a risk index for heart disease for each patient (nega-
tive if low-risk and positive if high risk). But unfortunately, there appears to be some noise mixed into
the data. Let’s try to mitigate this by performing PCA to embed the training data into a lower dimension

first.
(a) (4 pts.) Let us perform PCA on A to embed the data into a single dimension. Suppose you know

1
thatoy = v8and 7; = % from the first element of X and first column of V for the SVD of A.
2

What is the first principal component i/; of A? Show all your work.

Solution: Using an intermediate step of solving for the SVD, we can find if; as follows:

1
i = ATy (25)

1
=|-1 -2 0 3| 2 (26)
2

(27)

(b) (4 pts.) Regardless of your answer to the previous question, suppose ii] = . Project your

Q= WIN WIN

three-dimensional datapoints from A into a one-dimensional data. Express your answer as
the vector 7 € R'*4, and show all your work.

Solution: Recall that we can use our principal component to project our 3D data into 1D by
doing ii] A

-3 0 21
ia=(13 3 3|1 203 (28)
-1 -1 1 1
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=3 -3 33 (29)

(c) (4 pts.) Now, suppose that for this training data we have known risk index scores already (with

a scalar index for each patient):

52[73 1 4 6} (30)

We would like to have a way to predict risk scores. Let’s try to use least squares on our scenario.
In one dimension, we can set up our least squares problem using data d = 2T and target § =
-3

— —

bl = to estimate a scalar parameter pyg.

6
Perform least squares on the system JpLs = 5 to estimate prg, and show your work.

Solution: We perform least squares using the data points from the previous part. Thus, d = zT =
-3
_32

3| is your data for least squares.

W WU

-1

prs = (Cfrd) d's (31)
3

3 (32)
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8. Pulse Response (14 pts.)
In this problem, we will explore the pulse response associated with RL circuits.

Suppose you have the following circuit:

(a) (4 pts.) Write the differential equation for v,y (t) in terms of v;, (), R, and L.

Solution: We will start with KCL at the node between the inductor and resistor:

() = ”“i;{(” (33)

We have if(t), but we want to describe this in terms of voltage, so we will have to make use of

diégt) (here, we will take the derivative of both sides so we can

the inductor equation vy (t) = L

replace diégt) , but you could also replace iy (t) with an integral and then take the derivative later):

dir(t) 1 dogw(t)

dt R dt (34)

et - g =
do t R R

%() = _Zvout + zvin(t> (36)

(b) (2 pts.) What is the time constant T of the circuit in terms of R and L? Recall that the time
constant will show up in the exponential term e~ that is characteristic of first order differential
equations as the one obtained in the previous part.

Solution: If we have our differential equation in the form dzé(tt) = Av(t) + u(t), the time constant

isT = —% (this is because we know that e will be the characteristic exponential for this standard

form of our first order differential equation).

From the previous part, we can see that A = — %, SO T = % is the time constant for this circuit.
This makes sense because this is the standard time constant for RL circuits, as the one from this

problem.

(c) (8 pts.) Suppose the plot of input vj, (#) is a pulse as shown below. Assume vg(0) = 0.
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1.5

Oin (t) (V)

L L L L L L L L L L L L L L
0 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3
t(s)

-0.5

For this part, we will try and plot the output waveform of this circuit and the same circuit if the
resistor and inductor were swapped with varying time constants.

Here are the two circuits for reference:

w0 (D) i T w0 (D)t 31

(a) Circuit 1 (b) Circuit 2

The following four plots will be used for this part:
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1.5 T T 1.5 T T
SEE 1 =
5 =
S 0 ] s
—0.5 - -
0 1 2 3
t(s) t(s)
(a) Plot 1 (b) Plot 2
T T T T

—~ 1 | 1 —~ ]. | ]
S k S

= 0 = 0 .
= E
] o

s _1 | r B s _1 | B

L L L L
0 1 2 3 0 1 2 3
t(s) t(s)
(c) Plot 3 (d) Plot 4

Fill out the provided table to match each combination of circuit and time constant to one of
the provided plots. You should have one answer per row, but each column could have multiple
selections.
Plot1 | Plot2 | Plot3 | Plot4
Circuit1, 7 =0.1s O O O O
Circuit1, T =1s O O O O
Circuit2, T =0.1s O O O O
Circuit2, T =1s O O O O
(HINT: Use your knowledge of the differential equation for Circuit 1. For Circuit 2, it may be helpful to
use the KVL equation vin (t) = vp(t) + vr(t). You should also think about the steady state voltage for

each circuit.)

Solution: From the hint, we can examine the differential equation from the previous parts to
know that the response of Circuit 1 should be the standard exponential response we have studied
alot with RC circuits. The steady state voltage for Circuit 1 (which involves shorting the inductor
for each DC segment of the input) is just vi,(#) so Circuit 1’s response will follow the input
voltage. Both of these characteristics are observed with the first two plots (Plot 1 and Plot 2).
The shorter the time constant, the faster the response will approach the steady state value over
each segment of the input, so the T = 0.1 s scenario should correspond to Plot 2 (which asymp-
totes quickly) while the T = 1s scenario will correspond to Plot 1.

For Circuit 2, the response will also involve exponentials, but the situation is a bit more compli-
cated because the output is now taken on the inductor. With the hint though, we can say that
vL(t) = vin(t) — vR(t), where vg (t) is the response of Circuit 1 (where the input was taken across
the resistor). Thus, we can perform this pointwise subtraction between the plots of the input
voltage and output voltage of Circuit 1 to see that the plot of Circuit 2 will look like Plots 3 and
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4. (This also matches the idea that the steady state output voltage for Circuit 2 is always 0 since
the output voltage is across the inductor, which is shorted for DC steady state.)

The role of the time constant is the exact same as for Circuit 1 so the T = 0.1 s scenario should
correspond to Plot 3 (which asymptotes quickly) while the T = 1s scenario will correspond to
Plot 4.

Another perspective of this problem is to look at the frequency responses of each circuit; Circuit
1is a low pass filter and thus it makes sense that the low frequency flat sections of the input are
preserved with the steady state voltage while the high frequency spikes are attenuated (become
exponential).

Circuit 2 is a high pass filter so the high frequency spikes are preserved (appear in the output)
while the low frequency flat sections are attenuated (since the DC steady state voltage is always
0, regardless of the DC level of the input voltage.)

The completed table is shown below:

Plot1 | Plot2 | Plot3 | Plot4
Circuit1, T =0.1s O ° O O
Circuit1, T =0.1s ) O O O
Circuit2, T =1s O O ° O
Circuit2, T = 1s O O O °
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9. Amplifier Analysis (10 pts.)
For this problem, we will examine the transfer function for an amplifier.

Suppose that we have the following circuit:

Rout

o Uout

Uin Ua Avy, — — Cout Ry

We want to find the transfer function H (jw) = % and analyze its behavior.

(a) (6 pts.) To simplify the analysis, we will find the Thevenin equivalent circuit as seen by the
capacitor Coyt as follows:

—o Uout

Vru —— Cout

Find Vry = Agvin and Rry, where Ay and Rry are in terms of A and the resistances Ryt
and Ry. (HINT: For this scenario, Vry will be voltage at the load (the capacitor) when the load (the
capacitor) is replaced with an open circuit, and Rty will be the equivalent resistance seen from the load
(the capacitor) perspective with independent sources set to 0, which will be easiest found with series and
parallel equivalence.)

Solution: The effective circuit we need to analyze is (the capacitor will be the load for this circuit):

Rout

o Uout

Uin Ug Av, Ry,

The Thevenin voltage Vry can be found as the voltage at vyt when the load is open (which is
already displayed by the diagram). We can notice that v, = v, so the dependent voltage source
outputs Avy,, and voy in this case is just a voltage divider of Avy, between Royt and Ry :

_ R
Rout + RL

ARp

AVin) = —————7;
( m) Rout + Rp "

Vry (37)
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Thus, Ag = ﬁ%.

To find the Thevenin resistance Ry, we zero out the independent voltage source vi, (which
will also cause the dependent voltage source to zero out and act like a short circuit) and find
the equivalent resistance seen by the vyt output port. The equivalent circuit for this analysis is

shown below:

Rout

0 Uout

With our knowledge of series and parallel resistance, the equivalent resistance in this case is:

RoutRL

Rryg = Rout||RL = m
ou

(38)

(b) (4 pts.) Find H(jw) = % in terms of Ay, Rry, and Coyt.
Solution: We can obserl:/e that the equivalent circuit is the same as a low pass filter, with the
difference being that the input voltage is Agvin. Thus, the overall transfer function for H will be
the same as a low pass filter with R = Rty and C = Coyt, scaled by Ay (the same result would
be obtained if solved from scratch such as with a voltage divider or by KCL/KVL):

A

= 39
1 +](URTHCout ( )

H(jw)
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10. Stability Analysis with Bode Plots (13 pts.)
For this problem, we will use Bode plots to examine the stability of an amplifier.

Suppose that we analyze our amplifier circuit and are able to approximate the overall transfer function

as a two-pole system:
To

T T +72)

(UpZ

(40)

i) = ¢

We will assume that w1 < wp; for the entire problem.

Important: Your answers should be made with the Bode straight-line approximation in place; with
this approximation, your answers should all be relatively simple.

(@) (6 pts.) For w < wyp, we can approximate the transfer function as a one-pole system with pole

(,Upll
. . To
T(jw) ~ Tiow (jw) = 149 (41)
o,
Let Ty = 10% and w); = 104%. Plot the Bode plots for |Tjoy, (jw)| and £ Ty (jw).
Based on the Bode plots, what is w,,, defined as the frequency such that | T, (jw, )| = 1?
128 7\ O A A m\! 0 N MM
ol | —20| |
= &  —40| il
3 40 1 ¢
o g0 —60 |- *
g 200 | = -so0f |
= of | =
= 0l | 3 -10f |
g ol | F -120) |
S = 140 | |
60} 1 X
—160 |- *
_80 - il
_ 0 N0 ) 0 A 1 A 11 W11 _180 7\ 0 1 T A A 11 HHF
10 10° 10* 10° 10° 107 10® 10° 10' 10 10° 10* 10° 10% 107 10® 10° 10
() w()

Solution: For the magnitude plot:
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100 T T T T T
80
60
40
20
0
—-20
—40
—60
—80 | ll

_1 8 0 A 1 N A A
102 10° 10* 10° 10° 107 10% 10° 10"

rd)

S

20 loglo | Tlow (]w) |

w(

The plot starts at | To, (j0)| = 10° = 60dB and starts to decrease by —209E due to the pole at

dec
wp = 10
For the phase plot:
R EEEE R R R R R R R
0 -
—20 il
@ —40 i
[
g —60 l
()
T 80 i
3 —100| ]
E 120} i
=
N —140 i
—160 |- i
—180 7\ 8 A HH;
102 10 10 10° 10° 107 10% 10° 10
()

The plot starts at 0° since there are no poles or zeros at w = 0 and then decreases to —90° from
w = 103 to w = 10° due to the pole at wp1 = 10%.
From the magnitude Bode plot, | Ty, (jw)| = 1 = 0dB at w = 107 so w,, = 107224,

(b) (8 pts.) Now, we will work with the overall two-pole transfer function T (jw) (assume Ty and wp
are the same as from the previous part).
Suppose that we are able to choose what frequency we want the second pole w,y at. For stability
purposes, we want £T (jwy) to be reasonably above —180°, where w,, is the same frequency as
the one found in the previous problem; for this problem, we will choose £ T (jw,) = —135° to be
the target phase.
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Find the pole frequency w); that causes £ T (jw, ) = —135°. Justify your answer by plotting the

Bode plots for the two-pole transfer function T (jw) = (H]L)TW
wpl wpz

second pole. (Use your answer for the previous part for w,; even if your answer to that part is

, with Wy as your chosen

incorrect, you can still receive credit for this part if your answer is consistent with w, from the
previous part.) (HINT: You should have found that 10w, < wy from the previous part, which means
that the first pole wyy will have already contributed its —90° of phase by wy, which means that to have a
total phase of —135° at wy, the second pole wy must contribute —45° phase at wy,. Think about at what
frequency a pole contributes —45° phase; if you are unsure, draw the Bode plot, check to see if you pole
frequency works, and adjust as necessary.)

1(8)8 7\ 0L A HH! 0 7\ 0 HHl
60 | | —20r |
= 40| 1 g |
3 g 60| y
= 20 [ l v _gol A
2 1= ~100 |- |
g -20p | 2 —10) |
S —40} 1 g
N 140 il
—60 |- ,
—160 - i
—80 |+ ]
_ O I 1 1 A o WA _180 7\ 1 A A HHF
10?2 10* 10* 10° 10° 10”7 10® 10 10'° 10?2 10* 10* 10° 10° 10”7 10® 10° 10
d d
w(5) w (%)

Solution: As the hint advises, we should think about at what frequency a pole contributes —45°
phase; this occurs at the pole frequency itself. Thus, if we want w); to contribute —45° phase at
wy, we should set wyy = w, = 107% (if you did not find the correct w;, in the previous part, but
you did find that wy» = wy, this will receive credit). With this w);, the overall transfer function

would be:
108

T+ji50) (1 +ji)

T(jw) = ( (42)

For the magnitude plot:
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L

TTTTITTT

L
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L

TTTTTTT

IR

TT T

L

TTTTITT

Ll
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104

10°

10°
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108
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The plot starts at |T(j0)| = 103 = 60dB. The slope starts at Oéi—e]i due to no poles or zeros at
w = 0, decreases to —20% due to the pole at w,; = 10* and then to —40% due to the pole at

wpp =107,
For the phase plot:
TTTTII
0
—20
. —40|
n
g —60|
é; 80|
E —100 |-
= —120}
N ol
—160 |-
_180 L Ll
102 10°

TTTTITTT

L

TTTTITTT

L

T=TTTTTTT

L

TTTTTTT

IR

TTTTTTT

L

TTTTTTT

Ll

10%

10°

100
rad))

o

107

108

10° 1010

The plot starts at 0° since there are no poles or zeros at w = 0 and then decreases to —90° from
w = 10% to w = 10° due to the pole at wp1 = 10* and then to —180° from w = 10° to w = 108
due to the pole at wy; = 107.

Based on the Bode plots, we can see that the phase at w,, = 107 is —135° as desired.
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